Abstract: Complex vectors have established them selves as powerful tool in the modeling and control of three-phase electrical AC systems. Generalization of classical control tools like root locus and frequency response function for the case of complex variables will be shown in this paper to provide tremendous insight in the analysis and design of high performance, three-phase current regulators for AC systems. Copyright © 2002 IFAC 
INTRODUCTION
Modeling and analysis of physical systems, as well as design, analysis and tuning of control systems, can be approached using two different representations: transfer functions and state variables. Despite the superior analytical properties of the later, transfer functions are still widely used by practictioners due to their inherent relationship to experimental frequency response methods.
The mathematical transformations and tools used for classical modeling and analysis of control systems are commonly restricted to the case of real time variables. These restrictions in most cases are artificial, allowing these tools to be extended to the case of complex time variables (Briz, et. al., 1999 (Briz, et. al., , 2000 Gataric and Garrigan, 1999) . This paper approaches the generalization of classical control tools, including transfer functions, frequency response functions and root loci, to the case of complex time variables. This generalization, far from being an academic exercise, has developed as a powerful tool in the modeling and control of threephase electrical AC systems where such complex time variables are commonly called complex vectors. The paper is organized as follows. First, q-d representation of three-phase variables and the complex vector notation are introduced. Then, the modeling of a three-phase symmetric RL load will be presented as an example. Finally, the analysis and design of current regulators for an RL load will be approached using complex vectors and complex vector forms of the classical control tools.
THREE PHASE VARIABLES, TWO PHASE EQUIVALENT VARIABLES AND COMPLEX VECTORS a) Three-phase variables and two-phase equivalent variables
Given a set of three-phase currents, a linear transformation can be defined that transforms the variables to an orthogonal q-d coordinate system as 
The i s 0 component is the average of the three phase currents, and is equal to zero for the common case of systems with an isolated neutral connection. For that case, the transformation in (1) can be visualized as the 1 q-d models and complex vectors used in the analysis of AC machines are commonly associated with the concept of space vectors (Novotny and Lipo, 1996) . Nevertheless, it is not necessary to introduce this concept for the case of an RL load used as an example in this paper. currents i u , i v , i w aligned with three non-orthogonal axes shifted 120º from each other being transformed to an orthogonal q-d reference frame, as shown in Fig. 1 .
b) Complex vectors
The two-phase representation of three-phase system can also be done using complex variables. The transformation of the three-phase currents to a complex vector can be defined as
This transformation can be visualized as the currents, i u , i v , i w , being the projection of the complex vector on three non-orthogonal axis shifted 120º from each other as shown in Fig. 1a . The complex vector in (2) can be represented in cartesian (3) and polar (4) forms.
where
. It is easily verified that the q and d axis current components obtained by the transformation in (1) are the mathematical equivalent to the real and imaginary parts of the complex vector defined by (3).
c) Coordinates transformations
The q-d reference frame defined by (1) remains fixed in space and will be referred to as a stationary reference frame, with the currents referred to it denoted by a superscript " s ".
The two-phase components defined by (1) can be referred to an arbitrary reference frame forming an angle ρ with the stationary reference frame, as shown in Fig. 2 . Though applicable to any angle ρ, this transformation is especially important for the case of a reference frame rotating at the electrical frequency of the currents, ωe. The rotating reference frame in this case is named a synchronous reference frame, with the transformation from the stationary to the synchronous reference frame given by (5) and (6) and the variables referred to it denoted by a superscript " e ".
With complex vector notation, the transformation from the stationary to the synchronous reference frame is given by (7) i e qd = i s qd e −jω e t (7) Fig. 3a shows the time evolution of a set of three phase currents. Fig. 3b shows the equivalent twophase currents after the transformation in (3). When sinusoidal signals in the stationary frame are transformed to a synchronous reference frame, they become dc, as shown in Fig. 3b . The corresponding, rotating complex vector in the stationary frame becomes a stationary complex vector after being transformed by (7) to the excitation frame as shown in Fig. 3c . These are important properties for modeling and control of AC loads. It is seen that the transient shown in Fig. 3a , while difficult to analyze by looking at the three-phase currents, is relatively easy to visualize using complex vectors, especially in the synchronous frame.
MODELING OF THREE-PHASE LOADS
Complex vectors have a major field of application in the analysis of electric machines. Even though scalar and complex vector representations give the same result, each has its advantages and disadvantages in analyzing a system. The modeling, analysis and control of a three-phase RL load will be used to introduce the advantages of complex vector models.
a) Scalar model of a three-phase, symmetric RL load
The current to voltage relationship of a three-phase, symmetric RL load with isolated neutral connection, is described using matrix notation by (8), with "s" being Laplace's operator and [I] a unit matrix.
If the transformation (1) is applied to both the currents and the voltages, and considering that i s 0 =0 since there is no neutral connection, the two-phase equivalent system is obtained (9).
The reduction from three to two in the order of vectors and matrixes simply recognizes the fact that the three-phase currents are not independent quantities.
As mentioned previously, it is useful from a modeling and control perspective to transform the system in (9) to a synchronous reference frame. This can be done by applying (6) to both the current and the voltages in (9), with (10) being obtained.
b) Complex vector model of a three-phase symmetric RL load
The complex vector transfer function (11) describing an RL load can be obtained from (9), and by applying (3) to currents and voltages.
The transfer function in (11) can also be referred to a synchronous reference frame using (7) and noticing 
Applying (7) and (12) to (11), the complex vector transfer function of a symmetric RL load in a synchronous reference frame is obtained.
Comparing (9) and (10) with (11) and (13), some interesting conclusions can be reached. The complex vector representation reduces the order of the system from a second-order to a first-order system. In addition, the system is now in single-input/singleoutput form, instead of the two-input/two-output form of the scalar model. From (13) it is also seen that poles (and zeros) in complex transfer functions do not need to exist in conjugate pairs as opposed to the scalar representation.
ANALYSIS AND DESIGN OF CURRENT REGULATORS USING SCALAR NOTATION
Current regulation of three-phase systems has received tremendous attention during the last decades. One of the reasons for this being that accurate control of the stator currents of AC machines is necessary to implement torque and flux control of high performance, vector controlled AC drives (Novotny and Lipo 1996) .
Though current regulation of AC drives can be approached from a general perspective, it is important to consider some properties of such systems. AC drives are usually designed to work over a wide speed range, and therefore a wide frequency range, which can vary from zero to over a kilohertz. This means that the current regulator will have to properly regulate AC currents that in the steady-state are sinusoidal and of relatively high frequencies. In addition to the steady-state performance, if changes in the current commands are to be properly followed, the desired response, usually specified in terms of bandwidth, settling time, maximum overshoot, etc., is expected to be independent of the synchronous frequency.
a) Classical PI current regulator
Current regulation of a three-phase load could be done using classical PI regulators, as shown in Fig. 4 . Because the steady state commands are AC, the most attractive property of PI regulators, i.e. their capability to provide zero steady-state error, is lost. Fig. 5 shows the commanded and actual q-d currents in steady-state operation for two different electrical frequencies. From the figure it is seen that PI regulators, tuned for realistic bandwidths, are unable to properly track the commanded frequencies, with the steady state error increasing as the frequency increases. Such steadystate errors are not acceptable in modern drives.
b) Synchronous PI current regulator
The transformation of three phase loads to a frame synchronously rotating with the excitation frequency was already shown to have the attractive property of transforming steady-state sinusoidal signals into dc signals. This suggests that if the PI current regulators were implemented in this reference frame they would provide zero steady-state error, independent of the excitation frequency. This form of controller is often called a synchronous PI current regulator and can be considered the standard in current controlled AC drives (Novotny and Lipo, 1996) . The implementation of the synchronous PI current regulator in a synchronous reference frame is shown in Fig. 6 . It is noted that in such a reference frame the RL load is described by equation (10).
Experiments showing the systems response to step changes in the q and d axis current commands are seen in Fig. 7 for constant input synchronous frequencies of 50 and 200 Hz. The current regulator was tuned by selecting a controller zero equal to the natural frequency of the RL load, i.e., K i /K p = R/L. Step response of a synchronous PI current regulator (200 Hz bandwidth), shown in a synchronous reference frame. The controller gain K p was then selected to achieve a bandwidth of 200 Hz. The load parameters are R=1.1 Ω and L=3.7 mH. Several conclusions can be reached from the figure. First, and most importantly, zero steady-state error is obtained independent of the synchronous frequency. It is also seen that for the relatively low synchronous frequency, 50 Hz, the system behaves nearly as expected for a 200 Hz current regulator bandwidth. At a higher synchronous frequency, 200 Hz, serious degradation in the transient performance, in addition to significant cross-coupling between the responses of the q and d axis currents can be seen. The cause of this performance variation as a function of the synchronous frequency could be analyzed using scalar notation (Harnefors and Nee, 1998) . Complex vector modeling, though, can be used to gain substantial design insight into this frequency dependent performance degradation (Briz et al., 2000) .
ANALYSIS AND DESIGN OF CURRENT REGULATORS USING COMPLEX VECTORS a) Complex vector root locus
The complex vector block diagram of the RL load with a synchronous PI current regulator is shown in Fig. 8 . From (11) it can be seen that in the stationary reference frame, the load has a single pole located at -R/L. When it is transformed to a synchronous reference frame (13) it becomes an asymmetric, complex pole located at -R/L-jω e . The synchronous PI current regulator shown in Fig. 8 can be transformed to a stationary reference frame using (7) and (12), resulting in (14). The root loci were obtained using standard root locus functions in the Matlab controls systems toolbox.
The complex vector root locus, as scalar root locus, follows the magnitude and angle conditions. However, it does not have to be symmetric with respect to the real axis. This is due to the fact that the inputs and outputs are no longer real numbers but complex vectors and it is possible to get complex, asymmetric poles and zeroes. The performance degradation of the synchronous PI current regulator as the synchronous frequency increases can be deduced as follows. At low frequencies the controller zero (a real number zero) approximately cancels the plant pole. This allows the response of the system to be dominated by the faster closed loop pole, placed at the desired, 200 Hz, bandwidth. At higher synchronous frequencies the controller zero interacts more with the controller integration pole. The resulting closed-loop slower root moves progressively closer to the imaginary axis.
b) Complex vector frequency response function (FRF)
Since the system has a single-input/single-output form when modeled using complex vector notation a single transfer function (15) completely describes its behavior. The complex vector FRF, shown in Fig. 10 , is calculated from this transfer function. It is noted that the complex vector FRF is not the system response to sinusoidal signals but to rotating complex vectors of the form I e jω et . The complex vector FRF is plotted with both positive and negative frequencies since it is possible for complex vectors to rotate both forwards (positive frequencies) and backwards (negative frequencies) (see Fig. 3c ). It is important to note that this also requires that complex vector FRF's be plotted using a linear (rather than logarithmic) frequency scale. If the root locus were symmetric about the real axis the FRF would be symmetric for positive and negative frequencies. If the root locus is asymmetric, the FRF is also asymmetric.
From Fig. 10 it can be seen that the change in the complex vector FRF as the synchronous frequency increases is rather dramatic. It is important to note that all of the FRF's shown in Fig. 10 have a unity gain and zero phase shift at their respective synchronous frequency. However, at frequencies away from the synchronous frequency there is significant distortion in the FRF's, the overshoot and undershoot agreeing with the time response seen in Fig. 7 . It is important to understand the meaning of the FRF at frequencies different than the synchronous frequency. Changes in the command trajectory will excite the system with a wide range of frequency content. The FRF shows how the system will respond to the frequency content that is not at the steady-state synchronous frequency. The power of the complex FRF can be seen in Fig. 10 , where each individual curve completely describes the system behavior for a single synchronous frequency, while the set of curves clearly shows the dependency of the synchronous PI current regulator's performance on the synchronous frequency. Even though the commanded synchronous frequency remained constant for the time responses shown in Fig. 7 , steps in the commanded current introduced a large set of transient harmonics at frequencies centered on the synchronous frequency. This illustrates the fact that the transient response of the current regulator depends on its capability to regulate at frequencies other than the synchronous frequency.
c) Complex vector synchronous PI current regulator
Incorrect pole-zero cancellation has been shown to be the origin of the deterioration in the transient response of the synchronous PI current regulator. The root loci shown in Fig. 9 suggest an alternative design to effectively implement pole-zero cancellation independent of the synchronous frequency. A modified form of the synchronous PI current regulator that achieves the desired pole/zero cancellation is shown in Fig. 11 . This form of the synchronous PI current regulator will be called the complex vector synchronous PI current regulator. The corresponding transfer functions in the stationary reference frame is (16).
The basic design theory behind the complex vector synchronous PI current regulator is to place the zero added by the controller approximately at the location of the plant pole, even if the plant pole is complex. This is directly analogous to the classical control pole/zero cancellation methodology, with the only difference being that the use of complex controller gains allows the placement of the controller zero off of the real axis. For the case of the RL load this results in the controller zero remaining at the location of the plant pole at -R/L-jω e in the synchronous reference frame, or at -R/L in the stationary reference frame. The resulting complex vector root locus is shown in Fig. 12 for three different synchronous frequencies.
As was done for the conventional synchronous PI current regulator it is possible to calculate the complex vector FRF's for the complex vector synchronous PI current regulator (17). 
The complex vector FRF obtained from (17) is shown in Fig. 13 , its shape being independent of the synchronous frequency and symmetric with respect to it. As a consequence of this, the dynamic behavior of the current regulator will be independent of the synchronous frequency when seen in a synchronous reference frame. This is confirmed by the experiment shown in Fig. 14. The improved performance exhibited by the complex vector current regulator is obvious. The time response corresponds to the tuned bandwidth independent of the synchronous frequency.
CONCLUSIONS
This paper has attempted to make two contributions: 1) development of complex vector methods for threephase current regulator design and analysis, and 2) a comparison of current regulator performance using the developed analysis tools. It was shown that the use complex vector root locus and frequency response functions greatly enabled control design. Though the analysis presented has used an RL load, the conclusions are easily extended for the more complex case of current control in AC machines (Briz, et al., 1999) .
